We consider mechanisms that may determine certain simple leaf shapes. Compared with other aspects of plant morphogenesis, such as phyllotaxis or spiral leaf arrangement, rather little is known about leafshape-determining mechanisms. We develop mathematical models for the gross pattern of leaf shape based on reaction^di¡usion systems. These models are consistent with what is known about factors that might determine leaf shape. They show that diverse leaf shapes may be obtained from a single reactiond i¡usion system. This has implications in terms of both convergent and divergent evolution. The models make predictions that can be tested experimentally. We predict the form of pre-patterns of growth promoters in leaf primordia of di¡erent sizes when the morphogens either di¡use into the primordia or are produced locally. We also predict the e¡ects on leaf shape of removing parts of primordia at di¡erent times. The models can also predict the e¡ects on leaf shape of the topical application of activators and inhibitors to leaf primordia.
INTRODUCTION
Leaf shape is important. It can determine, in part, the extent to which leaves shade one another, and therefore has consequences both for photosynthesis and water loss (Givnish 1979; Yamada & Suzuki 1996; Qin & Xiang 1994; Wien 1982) . Leaf shape may also play a role in the recognition of plants by pollinators and herbivores (Givnish 1979; Rivero-Lynch et al. 1996; Brown & Lawton 1991; Mackay & Jones 1989) . Leaf shape can be a heritable trait (Wu 1997) and it can also be a highly variable one (Sawada 1992) , not just among individuals in the same population (Wyatt & Antonovics 1981; Tsukaya 1995) , but also during ontogeny of certain plants (McLellan 1990; Jones 1995) . Furthermore, a diversity of leaf shapes may be exhibited simultaneously by a single individual (Sawada 1992; Croxdale 1981) . Cusset (1986; see also Jeune 1982 see also Jeune , 1987 speculated, in the absence of mathematical models, that leaf shape may be determined in part by a mechanism related to socalled Turing morphogenesis (Turing 1952) . However, Cusset (1986) also suggested that a large number of factors might be needed to generate complex leaf shapes. More recently, Bird & Hoyle (1994) showed that complex leaf shapes can be emulated with only 100 lines of computer code, but did not specify the link, if any, between such emulation and the developmental mechanisms employed by plants. Here, for the ¢rst time to the authors' knowledge, we show that relatively simple reaction^di¡usion systems are a theoretically plausible mechanism for the generation of complex leaf shapes. Reaction^di¡usion systems are believed to have a role in such diverse examples as mammalian coat patterns (Murray 1988) , patterns in skin pigmentation in ¢shes (Kondo & Asai 1995) , butter£y wing scale-pigmentation patterns (Nijhout 1991) , super¢cial patterns on mollusc shells (Meinhardt 1995) , the position of hair whorls in the large single-celled algae Acetabularia (Murray 1990) , and in the spacing of alligator teeth (Kulesa et al. 1996) . The role of reaction^di¡usion systems in biology is reviewed in, for example, Britton (1986) , Edelstein-Keshet (1988) , Murray (1990) and Ball (1999) .
The essential assumption, in our study of the possible role of reaction^di¡usion systems in leaf shape, is that the reactions taking place within the primordium result in spatially inhomogeneous concentration pro¢les. Conditions under which this will occur have been found; for example, two reactants can be su¤cient, one a less mobile activator and the other a more mobile inhibitor (for further details of this type of system see Edelstein-Keshet (1988) ).
Before developing our models, we will show that they are plausible in terms of what is known about the developmental biology of leaf shape in dicotyledonous plants (Dale 1982; Dale & Milthorpe 1983; Wareing & Philips 1970; Steeves & Sussex 1989; Lyndon 1990; Bell 1991; Campbell 1993; Alberts et al. 1994) . Howell (1998, p.137) suggested that`Because leaf primordia develop sequentially rather than synchronously, they must be able to control much of their own development.' Experiments show that the number of lobes that a leaf will grow is determined very early in its development (Sussex 1955; Sachs 1969; Fuchs 1975) . Indeed, the gross pattern of a leaf seems to be determined typically when the leaf primordium is much less than 1mm across (Poethig & Sussex 1985; Alberts et al. 1994) , when the primordium has of the order of 10 2 cells (Howell 1998) , although there are changes in detail later. The ¢nal size and shape of a leaf depends both on the number of cell divisions in di¡erent directions, and the expansion of individual cells (Lyndon 1990; Howell 1998) . It seems reasonable, therefore, to consider how a pre-pattern of morphogens that might later in£uence cell division and/or cell expansion is set up within leaf primordia.
The small size of leaf primordia is such that they are an ideal size for pre-patterns to be laid down by reactiond i¡usion systems, especially if the key growth-promoting and growth-inhibiting substances are relatively small . From standard tables of physical constants, di¡usion coef¢cients of small molecules in water are of the order of 10 7 5 cm 2 s
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. In cytoplasm, they are reduced to between 10 and 40% of these values (Paine et al. 1975) , and they might be reduced by a further factor of 2 to take di¡usion through plasmodesmata into account (calculations based on Berg (1993, pp. 34^36) . For recent studies of the characteristics of plasmodesmata see Zambryski (1995) and Mclean et al. (1997) . . Four numerical calculations of leaf shape in the case that the morphogens di¡use into the leaf primordium from an external source; the pre-pattern is laid down in successively larger primordia in (a^d ). The Schnakenberg system . Four numerical calculations of leaf shape in the case that the morphogens are produced within the leaf primordium; the pre-pattern is laid down in successively larger primordia in (a^d ). The same equations and parameter values were used as for ¢gure 1, but on full rings, with Dirichlet boundary conditions at the stalk. Growth was again assumed to be proportional to¸.
mechanism operating in the symplast could not set up a pre-pattern in a primordium of typical size in the time available.
MODELLING, RESULTS AND DISCUSSION
In our model, emulating the original approach pioneered by Turing (1952) , only the chemical basis of the morphogenesis is considered. A similar approach was used by Meinhardt (1978) to model phyllotaxis. Meinhardt's results show the importance of activator^inhibitor systems in pattern formation in plants. We are not claiming that mechanical forces are unimportant in leaf morphogenesis; this is clearly not the case (Lyndon 1990 ). In phyllotaxis they are even more important, and are now reasonably well understood (Meinhardt 1978; Jean 1995; Green et al. 1996) ; the time may now be ripe for a full mechanochemical model for phyllotaxis.The same does not yet seem to be true for leaf morphogenesis, and we simply make the claim that reaction^di¡usion could have a role to play in the patternformation mechanism.
The basis of the model is that a pre-pattern is laid down in the leaf primordium when it reaches some wellregulated size or contains a given number of cells. The cells then acquire positional information (Wolpert 1969) and follow certain developmental pathways according to this information. We do not postulate a particular mechanism through which this occurs, since the relevant genetic and other data that would enable us to do so is not yet available. The primordium is initially threedimensional, but eventually becomes essentially twodimensional. We assume for computational simplicity that the leaf-shape pre-pattern is laid down at the twodimensional stage. If this is not the case, we would not expect the general features of our results to change, but there might be di¡erences in some of the detailed predictions below. The pre-pattern, a typical example of which is shown in ¢gure 1, is assumed to be laid down by a reaction^di¡usion system. Tissue growth is then assumed to be stimulated by one of the chemicals (morphogens) involved. For simplicity, we assume that the rate of tissue growth is proportional to the concentration of one of the morphogens, and that it continues for a speci¢ed length of time. The equations we used to obtain our numerical results are of the form 
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} Such a set of equations is known as the Schnakenberg (1979) system. This reaction^di¡usion system is of an activator^inhibitor type, with u the less mobile activator anḑ the more mobile inhibitor, so that we have short-range activation and long-range inhibition (Edelstein-Keshet 1988) . D 1 and D 2 are the di¡usion coe¤cients, and a and b the natural production rates, of u and¸, respectively. We have chosen to use the Schnakenberg system mainly because of the simplicity of its mathematical analysis, but the details of the reactions are unimportant and other activator^inhibitor systems would give similar results. We emphasize, however, that the same system is used for every numerical simulation. Moreover the parameters intrinsic to the system, for example reaction rates, are kept constant. We only vary parameters that it is biologically meaningful to vary, namely (i) the size at which the pre-pattern is laid down, (ii) the source strength, or (iii) the £uxes of morphogens in through the boundaries. We use as the origin for the description of the leaf shape the point at which the blade of the leaf joins the petiole, and the angle between the leaf margin and the petiole at this point is speci¢ed. We consider two cases. First, the morphogens di¡use into the primordium from some external source, and second, the source is in the primordium itself. The ¢rst tends to produce round-ended leaves (¢gure 1), and the second pointed leaves (¢gure 2). The leaf shapes that can be obtained include lanceolate, ovate, cordiform and reniform if the reaction^di¡usion system produces a single maximum, and more complex shapes if it produces multiple maxima. The shapes in ¢gures 1, 2 and 3 have all been produced by the same reaction^di¡u-sion system. Finally, we should note that there are some leaf shapes, such as that in ¢gure 4, that probably cannot be simulated by a system of only two morphogens. However, it could still be a product of a reaction^di¡usion system involving more than two morphogens. Figure 5 is a simulation based on two coupled activator^inhibitor systems. Intriguingly, the leaf shape simulated in ¢gure 5 occurs not only in Philodendron bipennifolium (Arales: Araceae)(¢gure 4), which is a monocotyledon, but also in certain Ficus (Urticales: Moraceae) of the dicotyledons. These plants, whose common ancestor may have lived ca. 200 million years ago (Brandl et al. 1992; Laroche et al. 1995; Goremykin et al. 1997; Yang et al. 1999) , have convergently evolved a similar leaf shape. This is perhaps no longer so surprising since in both cases it may be based on a relatively simple reaction^di¡usion system. It is even possible that a reaction^di¡usion system for the determination of leaf shape was present in the common ancestor of monocotyledons and dicotyledons. Testable predictions arise from our hypothesis that a pre-pattern laid down by reaction^di¡usion mechanisms is involved in leaf-shape determination. First, su¤ciently early experimental removal of a portion of the primordium should not change the shape of the ¢nal leaf; this is con¢rmed by Sachs (1969) . This is not a prediction speci¢c to reaction^di¡usion mechanisms, but follows from the assumption that a pre-pattern is laid down when the primordium reaches some well-regulated size. Removal of some tissue then simply delays the attainment of that size. Our second prediction is that later removal of a portion of the primordium will change the leaf shape in a particular way, reducing radial growth most where the cut approaches closest to the centre of the primordium. We show a numerical simulation of such an experiment and its result in ¢gure 6. Unfortunately, the work of Sachs (1969) cannot provide a test for this prediction, as it was carried out on Pisum sativum, which has compound leaves, and our model is for the shapes of simple leaves. The compound leaf has stipules, lea£ets and tendrils, which can develop independently if experimental intervention occurs at a su¤ciently late stage. This dominates the results obtained and has no counterpart in our case. We know of no such experimental manipulation on simple leaves in the literature. Our third prediction is that early experimental addition of the chemicals involved, the morphogens, will cause distortion in the shape of the leaf. The details of this distortion are not easily predicted and may depend on the details of the chemical reactions involved. The parameters a and b in the equations represent natural production of the morphogens u and¸, respectively, so an increase in these parameters represents an experimental addition. Figure 7 shows the results of such increases.
The relatively small number of types of growthpromoting and -inhibiting substances in plants suggests that the huge diversity of leaf shapes is not based on chemical diversity per se, and this raises the question of how such leaf-shape diversity is generated. The models we present here potentially solve this problem by suggesting that the same reaction^di¡usion mechanism might produce diverse leaf shapes. The diversity of patterns might be caused by di¡erences in the size of the primordium and in the boundary conditions. D' Arcy Thompson (1917) made the pioneering suggestion that leaf shape might be determined by factors that dictate the relative distance of the leaf perimeter from the point of origin of the leaf, i.e. where the leaf blade joins the petiole. Thompson's conjecture was that these distances could be represented by simple sinusoidal wave forms, which dictate maxima and minima (as a function of the angle or rotation of a nominal radius around the origin). In this paper we have shown that reaction^di¡u-sion systems are potentially a plausible mechanistic foundation, not for Thompson's conjecture, which is essentially linear, but for a nonlinear counterpart. 
